QI 04, Seminar 4

One qubit rotations.

Universality for one qubit.

State distinguishability for one qubit.
Bra-ket notation.

Application: Quantum cryptography.

E. “Manny” Knill: kni | I @oul der . ni st. gov
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Rotations Il

alo) + ) =
e~/ cos(h/2)|o)
+ €'*/25in(6/2)|1)

{D

. —Y
Y -rotations.

(cos(8/2) —sin(6/2)
Yo (sin(5/2) cos(/2) )

o) cos(0/2)|o) + sin(d/2)|1)
1) } { —sin(d/2)[o) + cos(6/2)[1)
X-rotations.

( os(6/2)  —isin(3/2)
o (—isin(5/2) cos(9/2) )

o) cos(d/2)]o) —isin(d/2)[1)
1) } { —isin(0/2)[o) + cos(3/2)|)
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Rotations |
e Rotation gates rotate the state in the Bloch sphere
representation. alo) + BJ1) = 2
=142 cos(0/2) o) 0
+ €/2sin(0/2))1) Dy
Z-rotations. T
a\ Zg e~1/2 «Q e"0/2¢
(3) = o o) (3)= (o)
e Preparing \/%(|o> +1)). it/
90° - 0 e7,'7'r/4
% H .1_

671:7'(/4|O> + %e”/ﬂl)

= Je "/ 4(00) + i)
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A One-Qubit Network

(NN &

’ b=0 prob..5

= O——® :
X W X e@ b=1 prob..5

o) (Jo) +il1))/v2
(lo) +[1))/v2

What rotation should be added before the measurement to
guarantee that b = 1?

TOC




The Pauli Matrices

¢ Define the Pauli matrices by

L (10 (01 (0 =i\ (10
N0 1) \10)% G 0)%% o <1

Rotations in terms of Pauli matrices.

States and the Bloch Sphere

e~1/2 cos(0/2)|o) + €¢/?sin(0/2)[1) 7&
e The density matrix p for state x = (g) is N

o\ (@, aa of :Erb
e ()03 )

[ cos(6/2) —isin(6/2)\ _ .
Xs = (—isin(5/2) cos(8/2) > = cos(6/2)1—isin(6/2)o, 6 . ﬁa ﬁﬁ
cos(6/2) —sin(5/2) o P represents the acceSS|bIe information about the state.
Y5 = <sm (6/2)  cos(6/2) > = cos(6/2)1—isin(3/2)a If y = e%x, then yy = e¥xe~"xT = xxT.
(cos(é/?) isin(5/2) 0 > oy — i(1+402.) 1) — i(1-02.)
) 5200 cos(5/2)+isin(6/2) e Examples: H) — ld+4o0n |- — -0,
= cos(6/2)1—isin(6/2 . . |[+i) — l4a,) |-i) — l(1-0ay)
e | |~i) = Z=(lo) — if)) — : 2
Relationship to the first set of gates.
O, = not= 7,Z1800. = . — ) — 1 _ i
. 2\ —1 —i 1 2\\0 1 i 0
O = SgN— ZX1800.
oy = isgn.not = 7Y jgge. = %(Il —0y)
4 6
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Properties of Pauli Matrices States and the Bloch Sphere
Z

¢ Define the Pauli matrices by

L (10 (01 (0 =i\ (10
N0 1) \10)% G 0)%% o -1

.. a b a ¢
e The Hermitian transpose of A = (C d) is AT = <b d)

aL = o,, that is, the Pauli matrices are Hermitian.
o =1.

The Pauli matrices anticommute:
020y = —0yOg, O0yOz = —0;0y, 0,0 = —050;.

The Pauli matrices form an operator basis:
a b  (a+d) (b+c) i(b—c)
(c d) = g Myt Tt
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e~1%/2 cos(0/2)|o) + €¢/?sin(0/2)[1) 7&
 The density matrix p for state x = (g) is N7

x
+ <a> (a, 5) (aa aB) Fb
p = XX"' = = _ _
p pa pp

p represents the acceSS|bIe information about the state.

If y = e%x, then yy = e¥xe~"xT = xxT.
e [¢)) corresponds to @ on the Bloch sphere if and only if

the density matrix p for |¢)) is given by

p=31+a-3) =211+ uw0o, +uyoy + u.0.)
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The Density Matrix

Let p be the density matrix for [¢)) = alo) + G1).

_ (,011 /)12) _ (0454 Oé@)
P P21 P22 Ba BB)°

p11 is the probability of measuring o.
pao is the probability of measuring 1.
tr(p) = pu+pr=1

e Accessible information. All information about |¢) is obtained
by applying operations and measuring.

o U o . [« o prob. o/a/

— - U = — ~

o = (5) (5) (5)-1 % bron 5%
- LA t - r 10 prob. pi;

P Upt - °f { 1 prob. ph,

All accessible information is in p
...and p can be determined from accessible information.
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More Conjugation

Z
180° rotation around an arbitrary axis.

O@~B~D® \,L\y

2 AN
0
@ sin(@)igbcos(ﬁ) a \;M y
X
) /-
0 JHZ
| —Y

T e

Rotation with axis @ by angle 4: * fb
rot(a,d) = cos(6/2)1 —isin(6/2)(u - 7).
Can implement any rotation with 5 major axis rotations.
...three are necessary and sufficient.
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Conjugation

=} UpUt

P
Applying U conjugates density matrix p by U.

) . e—iﬂ'/4 0
e Example: U = Zggo = 75(11 —i0;) = ( 0 6m/4)’
p=35(1+0.).

UpUt = LU+ Uo,UT)
= 1+ Uo,U") =1(1+0,)
2 T 2 Yy

Simplify: (o (&)

Universality for One Qubit
Every unitary 2 x 2 matrix is proportional to a rotation.
U— (Un u12)_
U21  U22
1. May take u; to be real.
2. UTU = Timplies |u1q|? + |ug1|? = 1: Write U = (
(cos(6/2), e~ sin(6/2)) (u12

cos(6/2)  wuie
e sin(4/2) u22>

3. =0.
uz)
U - cos(d/2) —eMe *sin(6/2) Y
— \e“sin(6/2) e? cos(/2) ;-

e_i'Y/Q CO§(5/2) 7€i7/2€_i€ sm(5/2)

— /2 . ; i
¢ (e—”/Qe“ sin(4/2) /2 cos(6/2)

S o e | G

8”/2(C0s(6/2)]1 —isin(8/2)(cos(€)a, — sin(e)am)) Z,
e?2.YsZ 7,

LY T
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